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The transient behavior of a Brownian motor is investigated for more detailed particle transport occurring
therein. The asymmetric nature of the time-dependent mean particle velocity is examined during the transition
between two different levels of thermal noise. The possibility of current inversion is also investigated. It is
found that the detailed shape of the asymmetric potential is crucial for such an inversion to occur.
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I. INTRODUCTION

The phenomenon of the Brownian motor, also known as a
ratchet, has been investigated intensively in recent years. It is
directed particle transport in a system not in thermal equilib-
rium and with a spatial asymmetry due to an asymmetrical
potential, nonequilibrium perturbation, or a special type of
coupling. A comprehensive review of the general concept,
types of ratchets, fundamental theories, and their applications
was given by Reimann[1].

Consider a one-dimensional system governed by the
equation

hẋ = − V8sxd + jstd, s1d

wherexstd is the location of a particle,h is the friction co-
efficient, jstd is the thermal noise,Vsxd is the potential, and
the inertia of the particle is neglected. The thermal noisejstd
in Eq. (1) is modeled as a Gaussian white noise with the
following correlation function[1,2]:

Efjstdjst + tdg = 2hkBTstddstd, s2d

where Ef g denotes an ensemble average,kB is a constant,
and Tstd is the environmental temperature assumed to be
periodically varying in time. The potentialVsxd is spatially
periodic with a periodL and is asymmetric within each pe-
riod L. The functional form ofVsxd depends on the physical
problem involved. The system governed by Eqs.(1) and (2)
is a typical temperature ratchet.

It is known that particle transport in a temperature ratchet
is caused by two factors: the asymmetric potential and a
time-dependent temperature field. In earlier investigations
[1], interest has been focused on the long-term average of the
particle current, defined as

kẋl = EF lim
t→`

xstd − xs0d
t

G = EF lim
t→`

xstd
t
G s3d

where xstd is the particle location in an unbounded one-
dimensional space. Note that both time average and en-
semble average are applied in Eq.(3); thus, the initial state
has no effect on the result. Equation(3) can also be ex-
pressed as

kẋl = lim
t→`

1

t
E

0

t

Efẋstdgdt. s4d

The two averaging procedures, i.e., the ensemble averaging
and the time averaging, suppress many details of the particle
movement. To better understand the Brownian motor phe-
nomenon, as well as identify and construct different types of
ratchets, more detailed knowledge of the particle movement
may be required. The present paper is aimed at obtaining a
greater insight into the particle motion by carrying out only
the ensemble averagingEfẋstdg, without additional time av-
eraging. In what follows,Efẋstdg will be referred to as the
transient mean velocity, which is generally time dependent
and is a constant only in an invariant temperature field.

For the present temperature ratchet model, the transient
mean velocity can be obtained from the governing equation
(1) as follows:

Efẋstdg = −
1

h
EfV8sxdg = −

1

h
E

−`

`

V8sxdpsx,tddx, s5d

where psx,td is the probability density of the particle dis-
placementxstd. Since the inputjstd in Eq. (1) is a nonsta-
tionary stochastic process, analytical solutions are obtainable
only for their asymptotic forms. In general, detailed results
must be obtained by way of numerical simulation[3–5]. In
this paper, samples for the input thermal noise are first gen-
erated, and the governing differential equations are solved
numerically using the fourth-order Runge-Kutta method. The
output samples so obtained are then used to calculate the
ensemble averages. The time step in the numerical calcula-
tion is chosen according to both the system relaxation time
and the time period of the noise intensity.

II. PARTICLE TRANSPORT IN A TEMPERATURE
RATCHET

Let the period of the changing temperature field beT,
namely,

Tstd = Tst + Td. s6d

Since the noise intensity is time dependent, the system will
never reach a statistically stationary state, i.e., a thermal
equilibrium state. However, due to the periodicity of the
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noise intensity, the particle transient mean velocity also tends
to be periodic in time, as the effect of the initial state dimin-
ishes. The long-term particle current(4) can be calculated
from

kẋl = lim
t→`

1

t
E

0

t

Efẋstdgdt =
1

TE0

T
Efẋstdgdt. s7d

Consider the following temperature field[1]:

Tstd = T̄h1 + A sgnfsins2pt/Tdgj s8d

whereT̄ andA are constants, and sgnf g denotes the signum
function. According to Eq.(8), the system is subjected alter-

natively to two different noise levelsT=T̄s1−Ad and T

=T̄s1+Ad. A typical example for the periodic potential is
[1,2]

Vsxd = V0fsins2px/Ld + 0.25 sins4px/Ldg. s9d

This potential is illustrated in Fig. 1, as well as the corre-
sponding force −V8sxd within one period. Here a typical pe-
riod is considered to be betweenxl <−0.81L andxr <0.19L,

corresponding to two consecutive maxima ofVsxd. The
minimum of Vsxd within this period is found atx0<−0.19L.

Numerical calculations were carried out for the tempera-
ture ratchet governed by Eqs.(1), (2), (8), and (9) with h

=1, L=1, kB=1, V0=s1/2dp , T̄=0.1, andA=0.7, where all
parameters are nondimensional and were selected following
[1]. Several values were assumed for the noise periodT. The
transient mean velocityEfẋstdg is depicted in Fig. 2 for the
case ofT=4 and for two periods betweent=16 andt=24. It
indeed exhibits a periodic behavior. Since the periodT cho-
sen is long enough, the system transits between two nearly
stationary states corresponding to the two noise levels. It is
seen that the mean velocity is negative when the noise inten-
sity is increased from a lower level to a higher one and
positive when the noise intensity is reversed to the lower
one. Moreover, the transition from the lower noise level to
the higher level is much shorter than the reverse transition.
The two transition processes exhibit a clear asymmetric char-
acteristic, and the difference in the two transition times leads
to a positive long-term overall particle currentkẋl. Figure 3
shows the transient mean velocity for the case ofT=1 in two
periods aftert=16. With a shorter periodT, the system is

FIG. 1. Potential(9) and corresponding force.

FIG. 2. Transient mean velocity for noise periodT=4.

FIG. 3. Transient mean velocity for noise periodT=1.

FIG. 4. Long-term particle current vs noise periodT for differ-
ent values ofA.
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unable to transit between two early stationary states, and the
magnitude for both the positive and negative mean velocities
also decreases. The long-term particle velocitykẋl is still
positive.

The long-termkẋl has been calculated from Eq.(7) for
three cases ofA=1, 0.7, and 0.5, and the results are depicted
in Fig. 4. In the case ofA=1, the system undergoes loading
and unloading processes, while in other cases the noise in-
tensity is changed periodically between two different levels.
A lower A value indicates a smaller change in the noise
intensity, leading to a smaller difference in the two transition
periods between two noise levels. As a result, the long-term
particle current is also reduced. In every case, the particle
current reaches a maximum at a certainT value. WhenT is
large and is increasing, the net area under theEfẋg curve
within one period remains the same; thus, the time-averaged
value kẋl decreases with an increasing time period. In the
limiting case of a very largeT, the system approaches a
stationary state. On the other hand, ifT is very small, the
system does not have enough time to respond to the change
of the noise level, leading also to a low long-term particle
current. In the entire range of theT value, the long-term
particle current is always in one(positive) direction.

III. CURRENT INVERSION

Now consider another ratchet potential given by[1]

Vsxd = V0HsinS2p
x

L
D + 0.2 sinF4pS x

L
− 0.45DG

+ 0.1 sinF6pS x

L
− 0.45DGJ . s10d

This potential and the generated force are shown in Fig. 5.
The potential has a similar but slightly different asymmetric
shape compared to that of Fig. 1, with the two maxima at
xl <−0.80771L and xr <0.19229L, and a minimum atx0
<−0.24349L. The transient mean velocitiesEfẋg of the sys-
tem, with potential(10) and under the same temperature field
(8), are depicted in Figs. 6–9 for several different noise pe-
riods T. In the case ofT=6, shown in Fig. 6, the system is
able to transit between two nearly stationary states, corre-
sponding to the two noise levels. However, the transient be-
havior is different from that shown in Fig. 2. During the
transition from the low noise level to the high one, the mean
velocity is first positive and then turns negative until reach-

FIG. 5. Potential(10) and corresponding force.

FIG. 6. Transient mean velocity for noise periodT=6 and
potential(10).

FIG. 7. Transient mean velocity for noise periodT=1 and
potential(10).

FIG. 8. Transient mean velocity for noise periodT=0.2 and
potential(10).
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ing the nearly stationary state. The behavior is reversed dur-
ing the transition period from the high noise level to the low
one. Overall, the long-term time averagekẋl during one cycle
is positive. However, if the periodT is not long enough, the
transition pattern will be broken. Figures 7–9 show the tran-
sient mean particle velocityEfẋg for threeT values of 1, 0.2,
and 0.15. It is clear that the long-term particle currentkẋl is
positive for the case ofT=1, and is negative forT=0.15. It is
difficult to reach a conclusion just by inspection for the case
of T=0.2. The phenomenon that the direction of the particle
current changes at a certain parameter value is known as the
current inversion[6]. Figure 10 shows the calculated long-
term particle currentkẋl for different values of periodT. It
indicates that a current inversion occurs at aboutT=0.21.

The physical mechanism for the current inversion is not
clear. As seen from Figs. 1 and 5, the shapes of the two
potentials(9) and (10) are different only in some minor de-
tails. The current inversion occurs for the case of potential
(10), but not for the case of potential(9). Therefore, the

detailed shape of the asymmetric potential is crucial for cur-
rent inversion.

IV. CONCLUSION

This Brief Report is aimed at explaining the directed
transport behavior of temperature ratchets by examining the
transient mean particle velocity without additional time av-
eraging. It is found that the transient mean particle velocity
may be in one direction during one time period and in the
opposite direction during another time period. It is the over-
all effect, namely, the time average of the mean velocity, that
determines the long-term particle current. For cases in which
the system statistical behaviors are periodic in time, like the
temperature ratchet models investigated in the paper, both
the direction and magnitude of the long-term particle current
can be predicted by investigating the behavior of the tran-
sient mean particle velocity in one period.
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FIG. 9. Transient mean velocity for noise periodT=0.15 and
potential(10). FIG. 10. Current inversion for the case of potential(10).
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